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In this paper, we show that a graph coloring heuristic developed by Br61az may use n colors 
to color a 3-colorable graph with O(n) vertices. 
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The problem of coloring the vertices of a graph with the minimum number of 
colors so that no two vertices of the same color are adjacent is a well known NP- 
complete problem. Graph coloring is closely related to a variety of scheduling pro- 
blems, and many heuristic algorithms have been proposed to find good approximate 
solutions to the problem. Johnson [2] showed that most of these algorithms had 
very bad worst case behavior, and could use n colors on 3-colorable graphs with 
O(n) vertices. Johnson proposed an algorithm which had slightly better worst case 
behavior, using O(n/log n) colors on 3-colorable graphs, and Wigderson [4] has 
developed an algorithm which uses O(n 1/2) colors on 3-colorable graphs. In this 
paper, we analyze an algorithm due to Br61az [1], which seems to behave much bet- 
ter than other heuristics on randomly chosen graphs [1, 3]. We show that Br61az's 
algorithm also has extremely bad worst case behavior, and may use n colors on 
3-colorable graphs having O(n) vertices. 
Definition. Let G be a simple graph and C a partial coloration of the vertices of 
G. We define the saturation degree of a vertex as the number of different colors used 
for vertices adjacent o it. 
Br61az proposed the following algorithm for the coloring problem, and showed 
that this algorithm uses only two colors on bipartite graphs. 
Dsatur Algorithm (so called because it uses saturation degrees) 
Step 1. Arrange the vertices by decreasing order of degrees. 
Step 2. Color a vertex of maximum degree with color 1. 
Step 3. Choose an uncolored vertex with maximum saturation degree. If there is a 
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tie, choose an uncolored vertex with the largest possible degree. 
Step 4. Color the vertex with the least possible (lowest numbered) color. 
Step 5. Stop if all vertices are colored, otherwise return to Step 3. 
We will show that the Dsatur Algorithm may color 3-colorable graphs having 
O(n) vertices with n colors. 
We define a family of graphs as follows: G.=(Vn,E.) ,  where 
V,=W,  UW',UW','. and 
w.={o l ,v2  . . . . .  o°_2}, 
t l l l 
W'n={01,02 . . . . .  On_l},  
I t  t!  w;'= {v2, 4; .... o. }, 
Fig. 1 shows the graph Gs. 
I t ct E;~ = {(oi, oi+ 1): 0<i<n},  
2 t E n = {(oi, oj): i~ j} ,  
3 E~ = {(oi, oj ): i<j}.  
Note that III.I =3n-4 ,  and that G. is 3-colorable, because there are no edges 
between vertices in the same partition (IV., W~ or W~') of II.. 
Assume for the time being that the coloring algorithm breaks ties arbitrarily be- 
tween vertices with the same saturation degree in Step 3. Also assume that in Step 
1 any vertex (not necessarily a vertex with maximum degree) is choosen. Later, we 
will see that adding some extra vertices and edges to G. will render these assump- 
tions unnecessary. 
Define a set of sequences of vertices as follows: 
! / t  
S 2 : O1, 02, 
t I t  ! ~ t t t  
Sen = O1, 02, DI, O2, 03, D2, . . . ,  Ore_2, Oen_ D Om~ 
for 2 < m < n. Note that Sm is obtained by concatenating the sequence sin_ 1 with 
¢ I t  
Om_2, Oen_ 1, Oen. 
v 1' v2" v2' v3" v3' v4" v4' v5" 
Vl v2 v3 
Fig. 1. 
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Claim. The sequence sn is a valid sequence fo r  the algor i thm to color the vertices 
o f  Gn. Moreover ,  vertices oi, o~ and 07 will receive color i. 
Proof. We will prove the claim by induction on the length of the prefixes of se- 
quence s n . 
It is easy to verify that s2 is a valid starting sequence of color assignments. 
Assume that srn for some m < n is a valid starting sequence of color assignments, 
p H I H 
with vertices oi, oi and oi receiving color i for 1 <_i<_m-2,  vertices urn-1 and Om 
receiving colors m-  l and m respectively. We will show that s m + l is also a valid 
starting sequence; This will complete the proof of the claim. 
Step 1. After coloring the vertices in s m , vertex ore- 1 will have saturation degree 
! t ! M 
m - 1, since it is adjacent o 01, 02, ..., Dm- 2 and ore. Vertices ore, Om+ 1, -.-, on- 2 also 
/ 
have saturation degree m-1 ,  since they are adjacent o o~, o~ .. . . .  Om-l. The un- 
colored vertices in W,~ and W' n' will have saturation degree m - 2, since they are ad- 
jacent to ol, o2 . . . . .  ore-2. Therefore, the algorithm can color ore-l next, and will 
color urn-1 with the color m-  1. 
Step 2. When Om-1 is colored, the saturation degrees of the uncolored vertices 
in W~ and W~' increase to m - 1, while the saturation degrees of the uncolored ver- 
tices in W n remain at m-  1. Let the algorithm choose to color om. The algorithm 
will color this vertex with the color m. 
Step 3. When Om is colored, the saturation degree of Om+l increases to m, as do 
the saturation degrees of ore, Urn+ 1, " " ,  On-2"  The algorithm can color vertex 0 m +1, 
and will color it with color m + 1. [] 
Thus, the modified algorithm, which chooses an arbitrary starting vertex and 
breaks ties between vertices of the same saturation degree arbitrarily, can choose to 
use the sequence s n to color G n, using n colors. We can modify the graph slightly 
to allow the Dsatur Algorithm to color Gn with the sequence s n, even if it starts 
with a vertex of maximum degree and breaks ties by assigning a color to the vertex 
with the highest degree among uncolored vertices with maximum saturation degree. 
For each i, vertex ui has higher degree than vertex ui+ 1. In each Step 1 of the se- 
quence, the only vertices of maximum saturation degree will be the vertices in W n, 
and the algorithm will choose to color the first uncolored vi, as in sn. 
In Steps 2 and 3 of the sequence, we can modify Gn slightly to allow the Dsatur 
Algorithm to choose the color the next vertex of s~. We can add 4n new vertices 
to Gn, which will act as 'sinks' for W,~ and W~', and give all vertices in W,~ and W~,' 
the same degree, which will allow us to choose any vertex as the next vertex to be 
colored. We have 2n new vertices which will be sinkds for W,~, and we add suitable 
edges so that all vertices in W n have degree 2n. Use the other 2n vertices to increase 
the degree of vertices in W'n' to 2n. The new graph G~ is still 3-colorable, since all 
new vertices can be put in the same color class as W n. We leave it to the reader to 
verify that the Dsatur Algorithm can still choose the sequence s n as the starting se- 
quence to color the vertices of G~. 
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